Abstract Three-dimensional central symmetric bodies different from spheres that can float in all orientations are considered. For relative density ρ = 1 2 there are solutions, if holes in the body are allowed. For ρ = 1 2 the body is deformed from a sphere. A set of nonlinear shape-equations determines the shape in lowest order in the deformation. It is shown that a large number of solutions exists. An expansion scheme is given, which allows a formal expansion in the deformation to arbitrary order under the assumption that apart from x = 0, ±1 there is no x, which obeys P p,2 (x) = 0 for two different integer ps, where P are Legendre functions.
Introduction and Summary
A long standing problem asked by Stanislaw Ulam in the Scottish Book [1] (problem 19) is, whether a sphere is the only solid of uniform density which will float in water in any position. Such a solid is called a floating body of equilibrium. It will be in indifferent equilibrium in all orientations.
The simpler, two-dimensional, problem to find non circular cross-sections of a long cylindrical log which floats without tending to rotate (the axis of the log is assumed to be parallel to the water surface.) was solved for relative density ρ d = 1/2 in 1938 by Auerbach [2] and for densities ρ d = 1/2 by the present author [3, 4, 5] .
Here we start to investigate the problem for three dimensional systems. In section 2 the basic equations for a partly immersed body in indifferent equilibrium are derived. In the following section the theorem that a star-shaped inversion-symmetric body in arbitrary dimension d and density 1/2 is a sphere, is reconsidered. One easily sees that a floating body of equilibrium, which is not star-shaped can have a shape different from a ball. A class of such bodies is explicitly given.
The following sections, which are concerned with star-shaped floating bodies of equilibrium with arbitrary relative densities, can be read without having read section 3. In section 4 and 5 we start considering the expansion of the surface of a floating body of equilibrium around the sphere. To perform the expansion the distance of the surface is measured from the center of gravity. It is expanded in spherical harmonics, which are defined as the eigenfunctions of the Laplacean operator on the unit sphere with eigenvalues −l(l + 1). For given l the eigenfunctions are linear combinations of 2l + 1 linearly independent functions.
In section 6 the equations are considered for the deformation in first order. If the angle θ 0 is a zero of the associated Legendre function P p,−2 (cos θ 0 ) = 0, then the spherical harmonics with l = p contribute to the deformation. This equation is fulfilled at θ 0 = π/2 for all odd p, which corresponds to ρ d = 1/2. Thus one has to expect that at this special density there is a large set of solutions. In the following we assume that with the exception of cos θ 0 = 0, ±1 there is no θ 0 , which solves P p,−2 (cos θ 0 ) = 0 for two different integer p. In section 7 the equations in second order in the deformation are derived. One finds that only spherical harmonics for the deformation are allowed whose square projected onto the space of harmonics with the same p is proportional to the original deformation. This is the contents of the shape equations (111). This projection vanishes for odd p. Thus one has to distinguish between the problem for odd and even p. In the following only the case of even p, that is for central symmetric bodies, is pursued. A large number of solutions for the shape equations is found in section 8 assuming invariance under various subgroups of the orthogonal group O(3). By considering only these special groups only solutions with mirror symmetry are found. It is not clear whether there are shapes with inversion symmetry, but without mirror symmetry.
In section 9 it is shown how contributions in higher order can be obtained, which lead to a formal expansion for the shape.
General Considerations
Potential energy Denoting the volume of the body by V , the volume above the water by V a , that below the water by V b , one obtains (Archimedes' law)
where ρ d is the relative density of the body with respect to the liquid. Denote the total mass of the body by m, the masses above/below the water-line by m a,b , the center of mass above/below the water-line by C a,b , and the distance of C a,b from the water-line by d a,b . Then the potential energy V of the system is given by
Thus the difference in height between the two centers of mass, d = d a + d b , is constant, since it has to be independent of the orientation. This does not imply, that d a and d b are separately constant. Moreover the line C a C b connecting the two centers of mass has to be perpendicular to the water-level. Placing the center of mass of the body in the origin and denoting the coordinates of C a,b by (0, 0, z a,b ) one obtains
Thus the loci of the centers of gravity lie on spheres. The reverse is also true: If z a is independent of the orientation, then also z b has this property. Then z a − z b = d a + d b is constant and thus its potential energy. We will use this property to determine bodies which can float in all orientations.
One can conclude: If a body has the property that a plane in arbitrary orientation cutting through it, so that the two volumina V a,b are constant and the centers of gravity of these volumina lie on spheres, then it is a floating body of equilibrium, since the body assumes in all orientations the same potential energy.
These properties and another one we will derive below were derived by Pierre Bouguer and Charles Dupin a long time ago. Auerbach writes in his 1938 paper [2] : Il résulte aisément des théorèmes classiques de Bouguer et Dupin que la condition nécessaire et suffisante pour qu'un corps soit une solution de ce problème est que la surface de centres de carène soit une sphère. De plus, on peut affirmer que dans ce cas l'ellipse centrale d'inertie de la flottaisson est un cercle dont le rayon est le même pour toute position d'équilibre. Indeed Pierre Bouguer (1698-1758) and Charles Dupin (1784-1873) wrote books [6, 7] on the hydrostatics of ships. These conditions are also found in the textbooks by Appell [8] and Webster [9] . Compare also the article by Gilbert [10] .
Moment of inertia Rotate the body by an infinitesimal angle. Since the volume above and below the water has to be conserved the rotation is around the center of gravity M of the water-plane area F (intersection of the plane of the water-surface with the body). The center of gravity M of the water-plane area is given by
An infinitesimal rotation δφ x,y will bring a wedge of thickness
above the waterline, if positive; if negative, its modulus describes the thickness of a wedge disappearing below the waterline. There are two contributions to the shift of the centers of gravity in x and y direction,
where the first term is due to the rotation of the centers of gravity, and the second one comes from the appearance and disappearance of the wedges. The requirement δx a = δx b , δy a = δy b yields for arbitrary δφ x,y the conditions
for the moments of inertia of the water-plane area
The moment I is independent of the orientation.
If (8) is not fulfilled, but both eigenvalues of the matrix I = I xx I xy I xy I yy (12) are larger than I, then the body is in stable equilibrium. If both are less, then the body is in unstable equilibrium, and if one is larger, one less than I, then it is in saddle-point equilibrium. Here we are interested in an indifferent equilibrium, for which equality (8) holds. The corresponding condition yields in two dimensions that the length of the waterline has to be constant. [3] 3 Central Symmetric Case
In this section central symmetric bodies with relative density ρ d = 1/2 are considered. Central symmetry, which is also called inversion symmetry, means: If the point at r belongs to the body, then also the point −r belongs to it, where the center has been placed at the origin. The plane of the water-plane area goes through the origin in all orientations, since it cuts the body into two equal halves. The following theorem due to Schneider [11, 12] and to Falconer [13] , also referred to by Hensley in the Scottish book [1] holds: For arbitrary dimension d and density 1/2, if the body is star-shaped, symmetric, bounded and measurable, then it differs from a ball by a set of measure 0. It follows from theorem 1.4 of Schneider [12] (similarly corollary 3.1 in [11] ): 'Let Ω d be the unit sphere |u| = 1, and · the inner product. If Φ is an even real-valued, countably additive set function on Ω d satisfying Ω d |u · v|dΦ(u) = 0 for each v ∈ Ω d , then Φ = 0.' The theorem will be reproved in the following assuming that the distance of the surface from the center of the body is a continuous function of u. This is done first for d = 3 dimensions and then generalized to dimensions d > 3. The premise that the body is star-shaped is important. It is shown in subsection (3.3) that there are non-spherical floating bodies of equilibrium, if one allows holes to be drilled into the body.
Star-shaped body in three dimensions
If the body is star-shaped, i.e. there exists a point A such that for each point P in the body the segment AP lies in the body. Since the set of these points A (called kernel) forms a convex set and since it is central symmetric, too, the origin is such a point A. We denote the extension of the body from the origin in direction of the unit vector u by r(u). Let Ω u be the unit sphere and v the normal on the water surface, then
has to be independent of v. One expands |u · v| in Legendre polynomials
Note that all coefficients c n differ from 0, c n = 0. Using the addition theorem
where the Y 2n,m are 4n + 1 orthonormalized (real) spherical harmonics, one obtains
V d is only independent of v, if all coefficients c n except c 0 vanish. Since the functions Y 2n,m form a complete orthogonal set of central symmetric functions, this implies that r 4 (u) has to be independent of u.
Star-shaped body in higher dimensions
The proof is similar to that in d dimensions. r 3 and r 4 /4 have to be replaced by r d and r d+1 /(d + 1), resp. Instead of Legendre polynomials one has to expand in ultraspherical (Gegenbauer) 
Repeated application of Gegenbauer's addition theorem (see appendix A) yields
where the functions Y
with the Laplacean operator △ u on the sphere Ω d . Since all c n = 0 the same argument applies that r d+1 (u) has to be independent of u.
Bodies with holes
If the requirement that the body is star-shaped is omitted, but holes in the body are allowed, then the condition that the body K can float in all orientations requires that the integral ∞ 0 drχ(r, u)r d does not depend on the direction u, where the indicator function
is introduced. Thus one may drill holes into the body and add the corresponding amount of material at the outside creating a bulge. The inner part of the cylindrical holes end at the sphere, the outer part at the bulge.
As an example consider two circular cylindrical holes of radius r h around the axes x = ±b, y = 0 drilled into a sphere of radius R 0 . Using spherical coordinates x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ
the bounds of the hole is given by
One obtains the indicator function
otherwise (23) with the Heaviside step functionθ, which equals 1 for positive argument and 0 for negative argument.θ(0) may be chosen 1 (0) for a closed (an open) body. R ′ is given by
Obviously there are bodies with several holes and the holes need not be circular cylinders. Thus there is a large variety of bodies with central symmetry at density ρ d = 1/2, if one does not require star-shape. The body described here has the property that any fluid above the center can flow off and any air below the center can climb up up. In two dimensions a body with this property is not possible, since two holes through the body would cut it into three pieces. Otherwise, however, fluid above the center cannot always outflow nor air below the center cannot always bubble up.
Parametrization of the Surface
In the following bodies of general densities are considered, however, star-shape is assumed. Thus in spherical coordinates the radius r of the surface of the body is a unique function of the angles θ K , φ K in the body-fixed system. It is expanded in the set of spherical harmonics C l,m (θ K )e imφK (Racah uses this normalization for C, however here C contains only the θ-dependence),
which are related to the conventional spherical harmonics by
In contrast to section 3 and appendix A, where the spherical harmonics were assumed to be real, here the spherical harmonics conventionally applied in physics are used [14, 15, 16] . In particular one has
and in general
holds with the Legendre functions defined by
The following relation holds
The body is rotated by means of Euler angles (α, β) into a position where the water-surface is parallel to the x, y-plane. A third rotation around the axis perpendicular to the water-surface is not necessary. The functions
transform according to
from which we obtain the radius
with the Wigner rotation matrix elements [16, 14, 15 ]
The height of the water level above the center of mass of the body be h(β, α). Then the intersection of the water level with the surface of the body is given by h(β, α) = cos(Θ)r(Θ, φ; β, α).
This determines Θ(φ, β, α) of the waterline on the surface of the body for given orientation (α, β). At water-level the waterline is given in polar coordinates
The total volume V and the volume V a above the water surface are given by
The volume V a , which is a segment, is divided into a sector (first integral) and a cone (second integral). Obviously one has V b = V − V a . Similarly one obtains the coordinates z of the centers of gravity by means of Z c = V z c and
The integrals (36-39) can often be expressed in the form
Since the integrals must not depend on of α, β allf lm ′ have to vanish with the exception off 00 .
The Sphere
For a sphere of radius r 0 with the waterline at Θ = θ 0 one obtains (see figure 1 )
independent of the orientation. Since the cosine and sine of θ 0 is often needed, the abbreviations c 0 = cos θ 0 , s 0 = sin θ 0 (42) are used. The volumes are
and the z-coordinates
One easily calculates
and verifies eq. (8).
Expansion
Starting out from the sphere the body will be deformed and an expansion in the deformation parameter ǫ will be performed. That is, a and similarly the other quantities are expanded in powers of ǫ, a l,m = n ǫ n a n;l,m .
Starting point of the expansion is the sphere of radius r 0 ,
Similarly r is expanded,
with
Since r n has to be evaluated around θ = θ 0 , the expansion
is used. r 0 does not depend on θ, φ, β, α. Similarly Θ(φ), h and ρ are expanded in powers of ǫ,
Θ 0 = θ 0 , h 0 = r 0 c 0 , ρ 0 = r 0 s 0 do not depend on the angles, since the body is a sphere in lowest (zeroth) order.
Evaluation of the Integrals
In order to evaluate the integrals for the part of the body above the water-level I divide the integral over θ into one which runs up to θ 0 and the one from θ = θ 0 to Θ(φ). Let us first consider the integral up to θ 0 . For the volume we expand in powers of ǫ and in spherical harmonics
Due to the φ-integration only terms with m = 0 will contribute. With ζ = cos θ one obtains
Thus the first contribution V
an reads
The term for l = 0 is written separately, since P 0,−1 is not defined. The total volume yields V n = 4πf n;00 .
Next the corresponding integral for Z is considered. The expansion
Thus the first contribution to Z
For the complete volume one obtains
We require that the origin coincides with the center of mass of the complete body. This yields f z n;1,0 = 0. This can always be done by an appropriate choice of the a n;1,m .
Since Θ(φ) − θ 0 = O(ǫ) the integral over the interval θ = θ 0 ...Θ(φ) can be expanded in powers of ǫ. Thus the second contributions to V a and Z a yield
Similarly the second contribution to Z a is obtained from
It is useful to perform the expansion procedure explicitly in zeroth, first and second order. Then it becomes apparent how to continue to higher orders.
Zeroth Order: The Sphere again
In zeroth order one obtains
One obtains from these expressions
which yields the volume in agreement with (43), and
which yields z a in eq. (45).
First order in the deformation
The deformation of the sphere in first order in ǫ is considered in this section. One obtains from eqs. (34,35)
Following the procedure in subsection 5.1 one obtains f 1 = r 2 0 r 1 or more explicitly
and thus the volume
We choose to keep the volume unchanged in this order, which implies r 1;00 = a 1;00 = 0.
Next one obtains g 1 = − 
Since V a1 is constant, one obtains
with the α, β independent contribution h 1;00 . Next one determines Z. With f 
Since the center of gravity stays at the origin, one requires r 1;10 = 0, which is equivalent to a 1;1m = 0. With g 
Inserting eq. (82) into the expression for Z a1 yields
Z a1 must be constant. We note that
In order that Z a1 is constant all coefficients r 1;l0 P l,−2 (c 0 ) except for l = 0 have to vanish. Therefore for any given l either all coefficients a 1;lm or P l,−2 (c 0 ) have to vanish. We note that P l,−2 (±1) = 0 for all l. However this corresponds to the limits ρ d = 0 and ρ d = 1, in which case only a sphere is possible [17] . Further one has P l,−2 (0) = 0 for all odd l. This corresponds to ρ d = 1/2. It may well be that similarly to the two-dimensional case one has a large variety of solutions for this special density. This case will not be considered further in this paper.
In the following only cases are considered, for which c 0 is different from 0 and ±1. We will assume a cos θ 0 = c 0 for which P p,−2 (c 0
where the amplitudes a 1;pm ′ are as yet undetermined. Similarly h 1;00 is undetermined. Note that the zeroes of P p,2 (x) and P p,−2 are identical. 
Second Order in the deformation
These quantities depend on φ, α and β. Quantities on the right hand side depending on θ have to be evaluated at θ = θ 0 . The deviation of θ from θ 0 is taken into account by the derivatives r 11 with respect to θ, compare eqs. (51, 52). For products
we use the notation
where the lm; l 1 m 1 , l 2 m 2 are Clebsch-Gordan coefficients. Use is made of
Then one obtains from
the expressions
Since the center of mass should stay at the origin and since (a 
together with eq. (67 ,69). The condition that V a2 is independent of α, β yields an equation for h 2 . Thus h 2 is determined up to some additive α, β-independent contribution h 2;00 . Instead of considering Z a2 it is more practical to consider the difference Z a2 − c 0 r 0 V a2 
Then one obtains
From these expressions a 2;lm is determined for l = 0, 1, p r 0 s 
For odd p the only non-trivial solution can be obtained for h 1;00 = 0, since the right-hand side vanishes for odd p. For even p a set of quadratic equations
pm; pm 1 , pm 2 a 1;pm1 a 1;pm2
is obtained with the constant γ = s 0 h 1;00 ( 
I call the equations (111) shape-equations. They determine the possible shapes of the body in first order in ǫ. Descriptively it means that the projection of the square of the deformation a 1 onto the harmonics with l = p is proportional to the deformation. I expect that there are cubic shape-equations for odd p. The denominator The solutions of these equations are invariant under rotations. If a 1;pm is a solution, then also a
is solution for arbitrary Euler angles α, β, γ.
Solution of the Shape Equations
The complete solutions of the shape-equations (111) is not known to me. After all they constitute a set of 2p + 1 quadratic equations. However, a number of special solutions can be given by restricting to shapes invariant under subgroups of the rotation group. Under a subgroup of O(3) a certain set of functions indexed by i
is invariant. Thus the amplitude a 1;pm is a linear combination of the v i,m s,
The vs should be orthonormal, m v * jm v im = δ ji . Then the shape equations read
Multiplication by v * j,m summing over m and using orthonormality yields
If we require v * j,m = (−) m v j,−m , which implies real α, then we obtain after replacing −m by m under the sum
Since the 3j Wigner symbol is invariant under change of the sign of all ms and the product of the vs changes into its conjugate complex under this change of sign, w is real. Moreover it is invariant under permutation of the indices j, i 1 , i 2 . We consider two classes of subgroups of the O(3). The first class contains shapes with an n fold rotation axis, the second one shapes with tetrahedral, octahedral and icosahedral symmetry. Obviously the shapes of the last class are special shapes of the first class of groups. Without loss of generality I put γ = 1 in this section. Otherwise one should read a/γ instead of a.
Solutions with rotational symmetry around the z-axis
If the z-axis is an n fold rotation axis, then the shapes are invariant under the cyclic group C n . Since p is even, the shapes have inversion symmetry. Thus they are invariant under the groups C nh for even n and under S 2n for odd n.
Only amplitudes a 1;p,kn with integer k running from −[p/n] to [p/n] contribute. If in particular n > p, then only a 1;p,0 contributes and since p0; p0, p0 If one requires that all a 1;p,kn are real, then it is easy to find solutions. They are invariant under dihedral groups D nh for even n, and under D nd for odd n. Shapes were determined up to p = 12 and ν := [p/n] + 1 ≤ 4.
The number ν of independent amplitudes is separated into ν e amplitudes a 1;p,kn with even k and ν o amplitudes with odd k. The shape eq. expresses the amplitude for even k on the r.h.s. by products of two amplitudes with even ks and products of two amplitudes with odd ks, but no mixed contributions, whereas the eqs. for the amplitudes with odd ks contain on the r.h.s. mixed products of one amplitude with even and one with odd k. As a consequence to any solution with non-vanishing odd amplitudes there exists a second one with reversed sign of the odd amplitudes. In the tables only one of these solutions is given.
Tetrahedral, octahedral and icosahedral groups
Other subgroups of the O(3) are the tetrahedral, the octahedral and the icosahedral groups. Due to inversion symmetry the corresponding groups are T h , O h , and I h . Only floating bodies of equilibrium with mirror symmetry have been found, since all these groups have mirror planes. I do not know whether there exist any shapes without this symmetry. Solutions of the shape equations are listed in the following tables. For the tetrahedral group one can again distinguish between even and odd contributions. The numbers ν(p) of linearly independent functions r K obey
The spherical harmonics invariant under these groups are constructed by requiring that they are invariant under two elements generating the group. The first group element is a rotation about the z-axis by π for T h , π/2 for O h , and 2π/5 for I h . The second is a rotation about another axis by 2π/3, π/2, and 2π/5 for T h , O h , and I h , resp., described by the rotation matrix D(α, β, γ), If for T h the amplitudes a 1;p,2k for odd k vanish, then the solutions belong to O h . I did not tabulate them in the table for the tetrahedral group. If one wishes to insert them, then one should multiply the amplitudes a 4k by (−) k , since different orientations of the equivalent mirror-planes have been chosen for T h and O h . For O h and I h one can no longer distinguish between even and odd amplitudes.
The solutions which correspond to the groups O h and I h are indicated in the tables for the dihedral groups. The solutions invariant under I h are indicated in the table for the tetrahedral group. Some solutions appear several times in the tables in different orientations. A list of equal shapes is given in table 4. The shapes are denoted by S G,p,i , where G denotes one of the groups D n , T , O and I, resp. and i numbers the solutions for given G and p (i is omitted, if only one solution for G and p is listed).
Maple was able to solve the set of shape equations without giving any further hint apart from the case (ν e , ν o ) = (2, 2) for the tetrahedral group. Therefore in this case the equations were rearranged as shown in appendix B. Apparently the case (2, 2) is easier solved for the dihedral groups, since some of the coefficients w j,i1,i2 vanish in this later case. In general 2 ν solutions were obtained including the trivial one, for which all amplitudes vanish. Only real solutions are listed, since in the calculation a 1;p,−m was expressed by (−) m a 1;p,m , whereas it should be (−) m a * 1;p,m . Case ν = 2 As an example the set of equations (117) for the case ν = 2 is considered, 
The ratio
is introduced for the non-trivial solutions. Then the equation 
Thus there are three non-trivial solutions. One or three of them are real.
Higher Orders in the deformation
As in the preceeding section only central symmetric bodies are considered. Then the expansion of r and h in spherical harmonics contains only those with even l. In higher orders the equation for V an can be used to determine h n (β, α) up to an β, α-independent contribution h n;00 . The difference Z an − c 0 r 0 V an yields the condition A 1l r 0 a n,lm + A 2l (h 1;00 a n−1,lm + h n−1;00 a 1,lm ) + 2A 3l (a 1 a n−1 ) ;lm = I n;lm (128)
for l > 0, where I n;lm contains only terms a m with m < n − 1. For l = p it yields a n,lm = − 1 A 1l (I n;lm − 2A 3l (a 1 a n−1 ) ;lm ) .
For l = p one obtains a set of linear eqs. for the a n−1,pm a n−1;pm − 2
I n;m = − h n−1;00 h 1;00 + I n;pm s 0 h 1;00 P p,−1 (c 0 )
p0; p0, l0 pm; pm 1 , lm 2 a 1;pm1 a n−1;lm2 . 
Example for double-solution
We give an example for a double-solution by further considering the case ν = 2. Starting from eq. (127) and denoting the solutions by r 1 , r 2 , r 3 one obtains w 111 = w 122 (2 + r 1 r 2 + r 1 r 3 + r 2 r 3 ), (134) w 112 = w 122 r 1 r 2 r 3 , (135) w 222 = w 122 (r 1 + r 2 + r 3 + 2r 1 r 2 r 3 ).
Considering the solution r = r 1 one obtains 
This yields the matrix M with the matrix-elements
M 11 = 2 + r 1 r 2 + r 1 r 3 + r 2 r 3 + r 2 1 r 2 r 3 N ,
M 22 = 1 + r 1 (r 1 + r 2 + r 3 ) + 2r 
The eigenvalues of this matrix are µ 1 = 1, µ 2 = 1 + r 1 r 2 + r 1 r 3 + r 
One finds µ 2 − 1 2 = (r 1 − r 2 )(r 1 − r 3 ) 2N .
Thus one obtains an eigenvalue µ = 1/2 if and only if r 1 equals one of the other solutions r i .
Reparametrization
By iterating the expansion in ǫ it became apparent that the coefficients r n;00 and h n;00 were undetermined, whereas all other coefficients r n;lm and h n;lm were determined. The reason is the following: One is free to reparametrize r by introducing a newr = rs r (ǫ) with a function s r (ǫ) that has a Taylor expansion in ǫ. Simultaneously h has to be changed toĥ = hs r (ǫ). Thus one is free to choose r n;00 arbitrarily. One may for example choose r n;00 = 0 for n > 0 or require a volume independent of ǫ.
If the r n;00 s are fixed one is still free to reparametrize h toĥ = hs h (ǫ), where again s h (ǫ) must be Taylor expandable. A possible choice is h n;00 = 0 for n > 1.
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A Supplement to section 3 A.1 Ultraspherical (Gegenbauer) polynomials
For more information on ultraspherical polynomials see [18, 19] .
Introducing coordinates
where θ k runs from 0 to π for k > 1 and θ 1 = 0, π allows to write the ultraspherical harmonics as Gegenbauer's addition theorem [20] reads
with the norm 
